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Abstract
Originally, exponentiable spaces X were characterized by Day and Kelly in terms of Scott-open
sets, which form a topology on the topology of X . Later on, Hofmann and Lawson described ex-
ponentiability for spaces by standard topological terminology as core-compactness or quasi-local
compactness. The primary characterization of exponentiable maps by Nie)eld is in the spirit of
Day–Kelly and entails their result as special case, because spaces may be considered as maps
to the one-point space. A map-version for the Hofmann–Lawson description was missing. Now,
this paper o?ers a )brewise notion of core-compactness which is equivalent to exponentiability
and specializes to core-compactness for spaces. Moreover, among separated maps (i.e. distinct
points in the same )bre may be separated by disjoint open neighbourhoods), the exponentiable
ones are just the restrictions of perfect (i.e. separated and proper) maps to open subspaces. This
is the map-version of the Whitehead–Michael characterization of exponentiable Hausdor? spaces
by local compactness and extends the corresponding result by Clementino–Hofmann–Tholen for
Hausdor? spaces to arbitrary ones. It proves their respective conjecture.
c© 2003 Elsevier B.V. All rights reserved.
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0. Introduction
Recall that an object X in a )nitely complete category C is exponentiable if the
endofunctor − × X :C → C has a right adjoint −X . For C = Top, the category of
topological spaces, this turns out to be equivalent to the preservation of quotient maps
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by −×X and −X can be expressed as function space functor C(X;−), where C(X; Y )
denotes the set of continuous maps from X to Y .
Exponentiable spaces X were characterized topologically by Day and Kelly [3] in
terms of Scott-open [13] sets H of opens in X , i.e. H is saturated, that means
H  U ⊆ V open implies V ∈H, and H has the 7nite union property, i.e. whenever⋃
U∈H for a set U of opens in X , then there is some )nite F ⊆ U with ⋃F∈H.
X is exponentiable i? any open neighbourhood U of x∈X belongs to a Scott-open set
H such that ∩H is a neighbourhood of x.
Later on, Hofmann and Lawson [5] characterized exponentiability of spaces by
core-compactness or quasi-local compactness in the sense that for every neighbour-
hood U of a point there is a smaller one V such that every open cover of U contains
a )nite subcover of V . This means V way below U , in symbols VU .
Exponentiable maps p:X → T are nothing but exponentiable objects in C= Top=T ,
the category of spaces over a )xed base space T . They have been characterized by
Nie)eld [11] in terms of binding families H =
⋃˙
THt of Scott-open sets Ht in the
)bres Xt , i.e. OH := {t ∈T |O∩Xt ∈Ht} is open in T whenever O is open in X . Now
p is exponentiable i? the )bre Up(x) of any open neighbourhood U of x∈X belongs
to Hp(x) for some family H as above such that
⋃˙
T ∩Ht is a neighbourhood of x.
Obviously, this specializes to the Day–Kelly result in case T =1 is a one-point space.
Core-compactness for a space X means that every open set U ⊆ X is covered by
open sets VU . Having this in mind, Isbell [7] tried to derive a notion of )brewise
core-compactness from Nie)eld’s characterization. He got a nice necessary condition,
that specializes to core-compactness of the total space X for T =1, but is probably not
suNcient for exponentiability.
His necessary and suNcient condition needs the so-called preopen sets of pairs
(V;W ) of open sets V ⊆ X;W ⊆ T instead of binding families H as above. This
seems to be nice as well, because it is not so tied to )bres over points, but is
not really a map-version of core-compactness. Especially, an explicit notion of the
7brewise way-below relation and a 7brewise interpolation property are missing. For
core-compact spaces the latter means that CU;U open, implies CVU for some
open set V between C and U [4,9]. Using this property, the Day–Kelly condition is
immediate from core-compactness.
Following a philosophy by James [8], a )brewise version of the way-below relation
and of core-compactness is introduced in Section 1. Moreover, there is a )brewise
interpolation property.
Section 2 establishes the equivalence of )brewise core-compactness and exponen-
tiability using Nie)eld’s characterization. Alternatively, there is a direct proof by a
)brewise version of an elementary approach to exponentiable spaces [9,6].
The last section deals with separated maps p:X → T , i.e. distinct points in the
same )bre may be separated by disjoint open neighbourhoods in the total space X .
In this case, )brewise core compactness implies )brewise local compactness in the
sense of James [8] and the 7brewise Alexandro: compacti7cation [8, p. 58] applies.
This shows that exponentiable separated maps are just the restrictions of proper (i.e.
pullback stably closed) and separated maps to open subspaces. This is the map-version
of the Whitehead–Michael characterization of exponentiable Hausdor? spaces by local
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compactness [10,14]. It extends the corresponding result by Clementino–Hofmann–
Tholen for Hausdor? base spaces T and proves their respective conjecture [2].
1. Fibrewise core compactness
From James’ book on Fibrewise Topology [8, p. 32].
In ... topology the concept of )lter nowadays plays a central role ... . The corre-
sponding role in )brewise topology is played by the concept of tied 7lter ... .
The latter means )lters F on the total space X over T with continuous projection
map p:X → T together with a limit point t ∈T of the p-image p(F) of F. In a
topological space, RS means that every )lter on R has an adherence point in S.
1.1. Denition. For R ⊆ S ⊆ X say that R is 7brewise way below S over T, in symbols
RT S, i? every tied )lter (F; t) on R has an adherence point in the )bre St of S
over t.
1.2. Lemma. The following are equivalent for R ⊆ S ⊆ X .
(i) RT S:
(ii) For all t ∈T and any open cover U of the 7bre St there exist a 7nite subset
E ⊆ U and an open neighbourhood W of t such that
RW := R ∩ p−1(W ) ⊆
⋃
E:
Proof. (i) ⇒ (ii). Let U be an open cover of St and assume RW *
⋃
E for all open
neighbourhoods W of t and all )nite E ⊆ U. Then the nonempty sets
RW ∩
(
X \
⋃
E
)
form a base of a tied )lter (F; t) which has an adherence point x∈ St . Especially, for
all U ∈U
x∈ cl(R ∩ (X \ U )) ⊆ X \ U;
which contradicts x∈ St ⊆
⋃
U.
(ii) ⇒ (i). Let (F; t) be a tied )lter on R such that⋂
F
clF ∩ St = ∅:
Then {X \ clF |F ∈F} covers St . By (ii), there exist an open neighbourhood W of t
and a )nite subset E ⊆F such that
RW ⊆
⋃
E
(X \clE) = X \
⋂
E
clE:
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This is a contradiction, because
⋂
E clE ∈F as well as RW = R ∩ p−1(W )∈F
according to R∈F and p(F)→ t:
For R; S ⊆ X;W ⊆ T , the symbol
RWWSW
means “RW )brewise way below SW over W ” with respect to the restriction pW :XW →
W of p:X → T . Note that RWWSW and W ′ ⊆ W implies RW ′W ′SW ′ .
1.3. Denition. A continuous map p :X → T is called 7brewise core-compact i? for
any open neighbourhood U of x∈X there are open neighbourhoods V of x and W of
p(x) such that
VWWUW :
Obviously, any restriction pW ′ :XW ′ → W ′ of p :X → T; T ⊇ W ′ open, inherits
)brewise core compactness from p.
1.4. Lemma. Equivalent are
(i) p :X → T is 7brewise core-compact,
(ii) X ⊇ U open ⇔ U =⋃{VW |V;W open, VWWUW}.
1.5. Interpolation Theorem. Let p :X → T be 7brewise core-compact, R ⊆ U ⊆ X ,
U open, RTU , and t ∈T . Then there exist open subsets V ⊆ X; W ⊆ T with t ∈W
such that
RWWVWWUW :
Proof. Using Lemma 1.4(ii), Ut turns out to be covered by
Ut := {V ′W ′ |V ′; V ′′; W ′ open; t ∈W ′; V ′W ′W ′V ′′W ′W ′UW ′};
because for any x∈Ut there are open sets V x ⊆ X;W x ⊆ T such that x∈V xWxWxUWx
and again by Lemma 1.4(ii) applied to the open set Uˆ :=V xWx ⊆ X one gets open sets
Vˆ x ⊆ X; Wˆ x ⊆ T with
x∈ Vˆ xWˆ xWˆ x Uˆ Wˆ x :
Now choose W ′ :=Wx ∩ Wˆ x; V ′ := Vˆ x; V ′′ :=V x; observe t ∈W ′, and get
x∈V ′W ′W ′V ′′W ′W ′UW ′ :
By Lemma 1.2 there exist (V ′1)W ′1 ; : : : ; (V
′
n)W ′n ∈Ut and an open neighbourhood W˜
of t such that
(∗) RW˜ ⊆
n⋃
i=1
(V ′i )W ′i :
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Moreover, there are open sets V ′′1 ; : : : ; V
′′
n ⊆ X such that
(∗∗) (V ′i )W ′iW ′i (V ′′i )W ′iW ′i UW ′i ; i = 1; : : : ; n:
Now choose W :=
⋂n
i=1W
′
i ∩ W˜ , V :=
⋃n
i=1 V
′′
i and observe t ∈W as well as
RWWVWWUW ;
because any open cover V of Vt′ in XW ; t′ ∈W , covers (V ′′i )t′ ; i = 1; : : : ; n. By (∗∗)
and Lemma 1.2(ii) there are )nite subsets Ei ⊆V and open neighbourhoods Wi ⊆ W ′i
of t′ such that (V ′i )Wi ⊆
⋃
Ei ; i = 1; : : : ; n. Choosing E :=
⋃n
i=1 Ei ⊆ V and W ′ :=⋂n
i=1Wi ∩W , an open neighbourhood of t′, one gets from (∗) with W ′ ⊆ W˜ ,
RW ′ ⊆
(
n⋃
i=1
(V ′i )W ′i
)
W ′
⊆
n⋃
i=1
(V ′i )Wi ⊆
⋃
E:
Likewise by (∗∗), any open cover U of Ut′ in XW contains )nite subsets Ei with
(V ′′i )Wi ⊆
⋃
Ei for some open neighbourhoods Wi ⊆ W ′i of t′; i = 1; : : : ; n. Choosing
E and W ′ as above one gets
VW ′ =
(
n⋃
i=1
V ′′i
)
W ′
⊆
n⋃
i=1
(V ′′i )Wi ⊆
⋃
E:
2. The characterization
From Nie)eld’s result [11] one gets
2.1. Theorem. The following are equivalent for a continuous map p:X → T .
(i) p is exponentiable:
(ii) p is 7brewise core compact.
Proof. (i) ⇒ (ii). Let U be an open neighbourhood of x∈X . Then there is a binding
family H=
⋃˙
THt of Scott-open sets Ht in the )bres Xt such that Up(x) ∈Hp(x) and
an open neighbourhood V of x with V ⊆ ⋃˙T ∩Ht . Choose W := {t ∈T |Ut ∈Ht},
which is an open neighbourhood of p(x).
For any )xed t ∈W and every open cover U of Ut in XW one gets a )nite subset
E ⊆ U with (⋃E)t ∈Ht , because Ut ∈Ht Scott-open. Moreover,
W ′ :=
{
t′ ∈W |
(⋃
E
)
t′
∈Ht′
}
is an open neighbourhood of t in W and Vt′ ⊆ (
⋃
E)t′ for all t′ ∈W ′, hence VW ′ ⊆⋃
E. This proves VWWUW .
(ii) ⇒ (i). Consider an open neighbourhood U of x∈X . By assumption (ii), there
are open neighbourhoods V of x and W of p(x) such that VWWUW . Choose Ht := ∅
for t ∈ W , otherwise
Ht := {Ot |X ⊇ O open; VW ′W ′OW ′ for some W ⊇ W ′ open with t ∈W ′}
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and observe Ut ∈Ht for all t ∈W , especially for t = p(x). Moreover, Vt ⊆
⋂
Ht for
all t ∈T , hence V ⊆ ⋃˙T ∩Ht and the latter turns out to be a neighbourhood of x.
Now consider a set U of open subsets of X such that (
⋃
U)t ∈Ht for a )xed t ∈W .
This means
VW ′W ′
(⋃
U
)
W ′
for some open W ′ ⊆ W with t ∈W ′. By the Interpolation Theorem 1.5, applied to the
restriction pW ′ , there exist an open neighbourhood W ′′ ⊆ W ′ of t and an open subset
V ′ ⊆ XW ′ such that
VW ′′ = (VW ′)W ′′W ′′V ′W ′′W ′′
(⋃
U
)
W ′′
:
But U covers (
⋃
U)t and, by Lemma 1.2(ii), there exist a )nite subset E ⊆ U
and an open neighbourhood W˜ ⊆ W ′′ of t such that V ′
W˜
⊆ (⋃E)W˜ . This implies
VW˜W˜ (
⋃
E)W˜ , hence (
⋃
E)t ∈Ht , and shows that Ht is Scott-open in Xt .
Finally, H :=
⋃˙
THt turns out to be binding, because for any open subset O ⊆ X
and every t0 ∈{t ∈T |Ot ∈Ht} there exists an open neighbourhood W ′ ⊆ W of t0
with VW ′W ′OW ′ . Hence Ot ∈Ht for all t ∈W ′ showing that {t ∈T |Ot ∈Ht} is a
neighbourhood of its points.
2.2. Remark. There is an elementary proof for Theorem 2.1, which is a )brewise
version of the elementary approach in [9]. If p:X → T is )brewise core-compact
and q:Y → T continuous, a subbase of the canonical topology on the function space
(p; q) :=
⋃˙
TC(Xt; Yt) is given by the sets 〈C;W;O〉 :=
·⋃
W
{
t ∈C(Xt; Yt)
∣∣∣∣∣
−1t (Ot) ⊇ Ut for some open U ⊆ X s:t:
CW ′W ′UW ′ for some open W ′ ⊆ W; t ∈W ′
}
;
where C ⊆ X; W open in T and O open in Y .
If p fails to be )brewise core-compact, then there is some open neighbourhood U
of some x∈X such that VWWUW fails for all open neighbourhoods V of x and
W of p(x). This yields, for any such pair (V;W ), an open cover U(V;W ) of some
Ut(V;W ) ; t(V;W ) ∈W , such that VW ′ *
⋃
E for all )nite E ⊆ U(V;W ) and all open neigh-
bourhoods W ′ ⊆ W of t(V;W ).
Denote by Y(V;W ) the space with U(V;W ) and all )nite E ⊆ U(V;W ) as points, {E}
open and
VE := {F ⊆ U(V;W ) |E ⊆F )nite} ∪ {U(V;W )}
as basic neighbourhoods of U(V;W ). Now consider the coproduct
Y :=T
∐∐
(V;W )
T × Y(V;W )


with canonical injections iT and i(V;W ) and identify iT (t(V;W )) with i(V;W )(t(V;W );U(V;W )).
Think of the quotient Z as a butterTy with T as its body and the T ×Y(V;W ) as wings.
The quotient map q :Y → Z over T turns out to be not preserved by the product −×p
in Top=T . Details are contained in [6].
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3. The separated case
Recall from [8] that a continuous map p :X → T is 7brewise locally compact i?
for all x∈Xt; t ∈T , there are neighbourhoods W of t and V ⊆ XW of x such that the
restriction
(clV )W → W
of p is proper, i.e. pullback stably closed or, equivalently, closed with compact )bres
[1]. In [8], proper maps are called 7brewise compact.
3.1. Proposition. The following are equivalent for a continuous map p :X → T :
(i) p is proper,
(ii) XTX .
Proof. (i) ⇒ (ii). Any open cover U of Xt; t ∈T , contains a )nite subcover E because
Xt is compact. Moreover, p(X \
⋃
E) is closed and W :=T \ p(X \ ⋃E) an open
neighbourhood of t with
XW = p−1(W ) = X \ p−1(p(X \
⋃
E)) ⊆ X \ (X \
⋃
E) =
⋃
E:
(ii) ⇒ (i). Obviously, (ii) implies compactness of the )bres Xt . Moreover, p is
closed, because for any closed A ⊆ X and t ∈T \p(A); U= {X \A} is an open cover
of Xt that covers XW for some open neighbourhood W of t. Now A∩XW=A∩p−1(W )=∅
implies p(A)∩W =∅ or W ⊆ T \p(A), respectively. This proves T \p(A) to be open.
Hence p(A) is closed.
3.2. Proposition. Let p :X → T be 7brewise core-compact and separated. Then p is
7brewise locally compact.
Proof. For any x∈Xt; t ∈T , there are open neighbourhoods W ′ of t and V of x such
that
VW ′W ′XW ′ :
Interpolation yields open neighbourhoods W ⊆ W ′ of t and V ′ of x such that
VWWV ′WWXW :
The next step is to show (clV )W ⊆ V ′W in order to get properness of the restriction
(clV )W → W by Proposition 3.1(ii). To this end, consider x′ ∈ (clV )W ; t′ :=p(x′)∈W ,
which is an open neighbourhood of t′ as well. The p-image of the )lter F generated
by the restriction of the neighbourhood )lter of x′ to V converges to t′.
By VWWV ′W , there is an adherence point x′′ of F in V ′t′ ⊆ Xt′ . But the limit point
x′ belongs to the same )bre Xt′ . This implies x′′ = x′, because p is separated, and
proves (clV )W ⊆ V ′W .
Now consider t′ ∈W and an open cover U′ of (clV )t′ in XW . Then U=U′ ∪{XW \
clV} is an open cover of Xt′ in XW . By V ′WWXW one gets an open neighbourhood
W˜ ⊆ W of t′ and a )nite subset E ⊆ U with V ′
W˜
⊆ ⋃E, hence (clV )W˜ ⊆ ⋃(E ∩U′).
This proves condition (ii) of Proposition 3.1 for the restriction (clV )W → W of p.
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James [8, p. 58] gives the construction of the 7brewise Alexandro: compacti7cation
p+:X+ → T for any continuous map p:X → T such that p+ is proper and p is the
restriction of p+ to the open subspace X of X+. If, moreover, p is )brewise locally
compact and separated, p+ turns out to be separated as well, hence p+ is perfect, i.e.
proper and separated.
Originally, Clementino et al. [2] proved, that perfect maps are exponentiable. Mean-
while there is an elementary categorical approach to this result [12]. Note, that
restrictions of exponentiable maps to open subspaces are exponentiable. Altogether
this proves
3.3. Theorem. Let p : X → T be separated. Then the following are equivalent:
(i) p is exponentiable,
(ii) p is 7brewise core-compact,
(iii) p is 7brewise locally compact,
(iv) p is the restriction of a perfect map p+ :X+ → T to an open subspace X ⊆ X+.
Equivalence (i) ⇔ (iv) proves a conjecture by Clementino–Hofmann–Tholen and
generalizes their respective result for Hausdor? base spaces T . Implication (iii) ⇒ (ii)
establishes the reverse direction in Proposition 3.1.
By (iv) ⇔ (iii), restrictions of separated )brewise locally compact maps to open
subspaces turn out to be )brewise locally compact. Consequently, every point x in
the total space X has a neighbourhood base of )brewise compact sets over suitable
neighbourhoods of p(x) in T . Alternatively, this can be derived directly from )brewise
regularity of separated )brewise locally compact maps as in [8, 3.14, 3.23].
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